Abstract. In this paper the Krall-type polynomials obtained via the addition of two mass points to the weight function of the standard q-Racah polynomials are introduced. Several algebraic properties of these polynomials are obtained and some of their limit cases are discussed.
Introduction
In the last decades the study of the discrete analogues of the classical special functions and, in particular, the orthogonal polynomials, has received an increasing interest (for a review see [2, 16, 14] ). Special emphasis was given to the q-analogues of the orthogonal polynomials or q-polynomials, which are closely related with different topics in other fields of actual science: Mathematics and Physics (see e.g., [3, 4, 14, 17, 18] and references therein). One of the possible extensions of the classical polynomials are the so-called Krall-type polynomials.
The Krall-type polynomials are polynomials which are orthogonal with respect to a linear functional u obtained from a quasi-definite functional u : P → C (P, denotes the space of complex polynomials with complex coefficients) via the addition of delta Dirac measures. In the last years the study of such polynomials have attracted an increasing interest with a special emphasis on the case when the starting functional u is a classical continuous, discrete or q linear functional (for more details see [7] and references therein). These kind of polynomials appear as eigenfunctions of a fourth order linear differential operator with polynomial coefficients that do not depend on the degree of the polynomials. They were firstly considered by Krall in 1940 (see e.g. [13, chapter XV] ) and further studied by several authors (for more details see [7] and references therein). For the case of the discrete lattice A. Durán has discovered very recently [10, 11] a method for obtaining the orthogonal polynomials satisfying higher order differential and difference equations.
In two recent papers [7, 8] a general theory of the Krall-type polynomials on non-uniform lattices was developed. In fact, in [7, 8] the authors studied the polynomials P n (s) q which are orthogonal with respect to the linear functionals u = u + N k=1 A k δ x k defined on the q-quadratic lattice x(s) = c 1 q s +c 2 q −s +c 3 . For these polynomials the following expression have been found [7, Eq. (13) ]
provided that the sequence of monic polynomials ( P n ) n exist. Here, (P n ) n are the polynomials orthogonal with respect to u, A i ∈ C and K n (x, y) are the n-th reproducing kernels given by the Christoffel-Darboux formula
Moreover, in [7] , we have studied the modifications of the non-standard q-Racah polynomials defined on the lattice x(s) = Here, in this paper we will consider the "standard" (or classical) q-Racah-Krall polynomials defined on the lattice x(s) = q −s + δq −N q s introduced in [9] (see also [16, page 422] ). For doing that we will follow the general results obtained in [7, section 2, 3] . The structure of the paper is as follows. In Section 2, the standard q-Racah-Krall polynomials are introduced and all their main characteristics are studied in detail. Finally in Section 3, some important limit cases are considered.
Standard q-Racah-Krall polynomials
In this section, we study the standard q-Racah-Krall polynomials, i.e., the polynomials obtained from the standard q-Racah polynomials R α,β n (s) q via the addition of two mass points. In the following we follow the notations introduced in [7] .
2.1. Preliminaries. The standard q-Racah R α,β n (s) q := R n (x(s), α, β, γ, δ|q) are polynomials on the q-quadratic lattice x(s) = q −s + δγq s+1 introduced in [9] (see also the more recent book [16, page 422] ). They are defined by the following basic series (for properties of basic series see [12] ) R n (x(s), α, β, γ, δ|q) = (αq, βδq, γq; q) n (αβq n+1 ; q) n 4 ϕ 3 q −n , αβq n+1 , q −s , δγq s+1 αq, βδq, γq q; q , (2) where x(s) = q −s + δγq s+1 , and αq = q −N , βδq = q −N , γq = q −N , N , a nonnegative integer. Their main data can be found in table 1. Notice from (2) that we have
We also need the following identity for the standard q-Racah polynomials which follows from [7, Eq. (7)] Table 1 . Main data of the monic q-Racah polynomials
2.2.
The case of two mass point. Let us now consider the modification of the standard q-Racah polynomials defined in (2) . Let u be the functional with respect to which the standard q-Racah polynomials (2) are orthogonal. Then we study the orthogonal polynomials that are orthogonal with respect to the following linear functional
n (x(s), α, β, γ, δ|q) satisfying the following orthogonality relation
where ρ is the standard q-Racah weight function (see table 1 (as in [7] we have chosen ρ(s) to be a probability measure). From [7, Eqs. (31)- (32)] it follows that
k , and d 2 n denotes the squared norm of the n-th standard q-Racah polynomials (see table 1 Representation formulas for R α,β,A,B n (s) q . Let us now obtain some explicit formulas for the q-Racah-Krall polynomials. The first formula follows from [7, Eq. (29) ] (see also (1) from above)
and
Inserting (8) and (10) into the formula (7) one finds the 1st representation formula
with (7) is a polynomial of degree n in x(s). However, it is not easy to see that R α,β,A,B n (s) q is a polynomial of degree n in x(s) by the formula (11) since the functions A, B and C as well as ∇R α,β n−1 (s) q /∇x(s) and ∆R α,β n−1 (s) q /∆x(s) in (11) are not, in general, polynomials in x(s).
The 2nd representation formula of the q-Racah-Krall polynomials follows from [7, section 3, (17) ] and has the following form
where R α,β,A,B n (0) q and R α,β,A,B n (N ) q are given in (5) . Note that the functions φ(s) and A(s, n) are polynomials of degree 2 in x(s) and B(s, n) is 1st degree polynomial in x(s). Therefore it is obvious from the right hand side of the formula (12) that φ(s)R α,β,A,B n (s) q is a polynomial of degree n + 2 in x(s).
Another representation formula for the q-Racah-Krall polynomials may be obtained by putting the relation (3) into (12)
where a(s; n) = A(s; n) + B(s; n)Θ(s; n), b(s; n) = B(s; n)Ξ(s; n), and A, B and Θ, Ξ are given by (13) and (3), respectively.
We note that from Proposition 3 in [7] it follows that the polynomials R α,β,A,B n (s) q satisfy a second order linear difference equation where the coefficients can be computed explicitly. Since the expression is large enough we will omit them here.
Finally, by use of 
where we use the notations defined in Eqs. (5) .
Representation of R α,β,A,B n
(s) q in terms of basic series. Let us now introduce the representation of R α,β,A,B n (s) q in terms of the basic hypergeometric series. To this end, we substitute (2) into the formula (12) which leads to
where φ(s), A(s, n) and B(s, n) are given in (13) and
where
Moreover, by use of the identity (q k − q z )(q −z ; q) k = (1 − q z )(q 1−z ; q) k we arrive at the following representation
where (16) is a polynomial of degree n + 2 in x(s). To see that formula (16) gives a polynomial of degree n + 2 it is sufficient to notice that the function Π 1 defined in (15) is a polynomial of degree 2 in x(s) since A(s, n) and B(s, n) defined in (13) are polynomials of degree 2 and 1 in x(s), respectively.
Finally let us mention that the direct substitution of (2) into (12) leads to the following representation formula
where Λ α,β,δ,γ n = (αq, βδq, γq; q) n (αβq n ; q) n .
2.3.
The case of one mass point. In this section we introduce the standard q-Racah polynomials but with one mass point at the value s = 0. All the formulas follow by replacing B = 0 into the ones in section 2.2. For example the first representation formula of R α,β,A n (s) q is produced by inserting B = 0 into (11),
,
in which κ α,β 0 (s, n) and κ α,β 0 (s, n) are defined in (9), respectively. Moreover, the second representation formula follows by evaluating (12) for B = 0
and R α,β,A n (0) q is given in (17) . Finally, the third representation formula follows by use of the same idea
n (s + 1) q , where a(s; n) = A(s; n) + B(s; n)Θ(s; n) and b(s; n) = B(s; n)Ξ(s; n), and A, B and Θ, Ξ are given by (18) and (3), respectively. Notice that, as for two mass points case, from the above representation formula (19) the second order difference equation for R α,β,A n (s) q follows [1, 7] .
Furthermore, one can obtain the coefficients of the TTRR by replacing B = 0 into (14) as the following
Notice that putting B = 0 in the basic series representation formulas (16) we obtain the corresponding basic series representations for the q-Racah-Krall polynomials R α,β,A n (s) q . 2.4. Some limit cases. We first consider the modification of standard dual q-Hahn polynomials defined on the lattice x(s) = q −s + γδq s+1 by
that are related with the q-Racah polynomials by the expression [16] (20) lim
In order to obtain the modification of standard dual q-Hahn polynomials by adding two mass points at the end of the interval of orthogonality, i.e., R 
Using the same procedure as before it follows that
In the above formulas
, and d 2 n denote m-th Kernel and the norm of the standard dual q-Hahn polynomials
If we now fix αq = q −N in the orthogonality relation for the standard q-Racah polynomials (4) and take the limit β → 0, then using (20) we obtain the orthogonality relation (21), and therefore, it is straightforward to see that
Thus, all properties of the modified dual q-Hahn polynomials R A,B n (s) q can be obtained from the corresponding properties of the modified q-Racah polynomials R α,β,A,B n (s) q by taking the appropriate limit.
To conclude this paper we discuss two other important limit cases of the q-Racah-Krall polynomials R α,β,A,B n (s) q . The first one is when we take the limit q → 1. In fact, as q → 1 in (2) we recover the Racah polynomials in the quadratic lattice x(s) = s(s + γ + δ + 1) [16] , i.e.,
Straightforward calculations show that all the properties of the standard q-Racah polynomials R α,β n (s) q becomes into the properties of the standard Racah ones. In particular, we have the following limit relation
where R α,β,A,B n (s(s + δ + γ + 1)) denotes the modification of the Racah polynomials by adding two delta Dirac masses at the points 0 and N . Thus, taking appropriate limits one can construct the analogue of the Askey Tableau but for the Krall type polynomials.
Another important family of Krall-type polynomials are the so called q-Hahn-Krall tableau of orthogonal polynomials considered in [5, 7] . In order to obtain it first of all notice that the standard q-Racah polynomials are defined on the lattice x(s) = c 1 q s + c 2 q −s + c 3 where c 1 = γδq, c 2 = 1 and c 3 = 0. Then, making the transformation q δ−N x(s) = c 1 µ(s), α = ν, β = µ, γq → q −N and δ → q δ in (2) and then taking the limit q δ → 0 by use of the identity [2] 
